We developed a method for group delay and group delay dispersion measurements, based on location of interference resonance peaks. Such resonance peaks can be observed in transmittance or in reflectance when two mirrors are placed parallel to each other and separated by a thin air spacer. By using a novel approach, based on simultaneous processing of the data acquired for different spacer distances we obtained reliable results with high resolution. Measurements were performed both in transmittance and reflectance layouts depending on the reflectivity of the mirror to be measured. The developed method allows dispersion measurements of ultraviolet mirrors and ultra-broadband mirrors spanning more than one optical octave to be performed.
Introduction
Dispersive mirrors (DM) [1] [2] [3] are nowadays widely used for precise dispersion control in a broad variety of ultrafast optical devices including femtosecond lasers [3] , chirped pulse amplifiers (CPA) [4] and enhancement cavities [5] . DMs are often used in complementary pair configurations [6, 7] and in double-angle schemes [8] in order to achieve the smallest possible residual group delay (GD) and group delay dispersion (GDD) oscillations in a broader spectral range. Due to inevitable manufacturing errors the produced DMs have GD and GDD characteristics that usually deviate from the theoretical design. This problem cannot be avoided even with most modern layer deposition technologies providing sub-nanometer accuracy, since GD and especially GDD are extremely sensitive to deviations in the layer thicknesses of DMs [9, 10] . Special design methods including time-domain optimization [11] , phase optimization with floating constants [12] , based on sensitivity penalty function [13] , semi-heuristic approaches [14, 15] , robust synthesis [16] are able to decrease the sensitivity of DMs to manufacturing errors, but are unable to remove it completely. Therefore accurate measurements of GD and GDD characteristics play crucial role in achieving top performance of ultra-fast optical systems relying on DMs. Additionally, GD and GDD measurements of the produced DMs may provide valuable information for reverse engineering [17], i.e., feedback to the manufacturing process in order to further increase the accuracy of the production.
Currently GD and GDD measurements are typically performed with white-light interferometers (WLI) [18] [19] [20] [21] . Usually WLI is a Michelson-type interferometer, where measurements are based on changing the length of the reference arm with respect to the length of the arm containing the sample to be characterized. The output signal versus delay (interferogram) is recorded as a function of mean delay (varied step by step) and followed by a specialized data processing in order to retrieve GD and GDD of the sample. Since interferograms are affected by the noise within the light source and the detector as well as by precision of the step motor that is used to change the distance in one of the arms [22] , the problem of GD and GDD evaluation is non-trivial and has been considered in several works [18] [19] [20] [22] [23] [24] . Additionally, preliminary alignment of WLI is rather complicated and timeconsuming. The resolution in terms of wavelength and/or GDD is often insufficient, especially for demanding applications, such as compression of near-single-cycle optical pulses [25] , enhancement cavities requiring mirrors with low dispersion [26] , or high-energy oscillators requiring DMs with extremely high values of GDD [9, [27] [28] [29] .
An alternative method for GD and GDD measurements based on detection of interference resonance positions in the inter-mirror spacer was proposed by Osvay et al in [30] . Sharp interference resonance peaks are observed in transmittance or in reflectance when two mirrors are placed parallel to each other and separated by a thin air spacer. In [30] GD was obtained on the basis of a formula connecting positions of adjacent resonance peaks and an average GD on the frequency interval between them. This simple approach has a significant disadvantage: for small spacer thickness the distances between resonance peaks are large and this approach has poor frequency resolution. If one increases the spacer thickness in order to improve the resolution, the amplitudes of resonance peaks decrease rapidly and quite soon the peaks cannot be detected in the presence of measurement noise. A "golden middle" spacer thickness is often unable to provide a good balance between resolution and signal-to-noise ratio, especially in the cases of ultra-broadband DMs and high-dispersive DMs. An additional problem of the original approach described in [30] is connected with the necessity of spacer thickness evaluation. It was performed in [30] on the basis of a priori information on the measured mirrors, i.e., by using the wavelengths of transmittance maxima in the region where zero GDD was expected. Such additional information is not always available or possible to use.
We propose a more sophisticated approach which provides higher resolution in both frequency and GD domains. It is based on a series of measurements of the resonance peak positions for different spacer thicknesses and consequent simultaneous processing of all obtained information. For brevity we call this approach a Resonance Scanning Interferometer (RSI) technique. One of its advantages is that it does not require a precise setting of the spacer thickness or its determination. The only essential requirement is the proper parallel alignment of mirrors and its stability during the entire measurement process. With this improvement, RSI compares favorably with WLI in terms of simplicity/compactness and provides superior accuracy of the GD/GDD measurements.
In Section 2 we consider the theoretical background and basic equations required for the implementation of our method. In Section 3 the measurements layout is described in detail together with advanced data processing algorithm. In Section 4 we show four examples of DM measurements illustrating advantages of the proposed approach.
Theory and implementation
Consider two parallel mirrors separated by air (Fig. 1) . The characteristics of one of them are known, for our particular purposes we used a metal mirror with GD close to zero [18] and reflectance of about 90%. The second mirror is the sample to be measured, it can be a relatively narrow-band mirror with high value of dispersion and extremely high reflectance (>99.95%) or a broad-band mirror with relatively low value of dispersion and somewhat lowered reflectance (about 98-99.5%). The distance between mirrors in Fig. 1 is exaggerated.
The properties of the sample mirror can be measured in two different layouts: (i) in transmission mode and (ii) in reflection mode, sketched in panel (a) and (b) of Fig. 1 , and resembling a Fabry-Perot and Gires-Tournois interferometric setup, respectively. In both cases it is possible to perform measurements at normal and at oblique incidence. For the case of oblique incidence it is necessary to use a polarizer as shown in Fig. 1(b) . The polarizer should select either p-or s-polarized light depending on the measurement requirements.
A typical spectral transmittance of the system at normal incidence is shown in Fig. 1(c) . It consists of an 80-layer DM as the sample, a 10-µm air spacer, and a partially-transmitting Al mirror having virtually zero GDD, which closes the Fabry-Perot cavity. The reflection mode uses the same setup, but analyzes the reflected signal. The reflectance features sharp transitions between local maximum and minimum values ( Fig. 1(d) ). The reflectance is measured from the side of the metal mirror as shown in Fig. 1(b) at the normal incidence. The total throughput (transmittance) of the system in the transmission mode can be expressed as [31]: Positions of the transmittance peaks are determined by the resonance condition:
where k is integer and corresponds to the resonance order. We will consider either transmittance maxima positions for the transmission mode ( Fig.  1(a) ) or reflectance minima positions for the reflection mode ( Fig. 1(b) ). Consider two adjacent resonance peaks located at angular frequencies j ω and 1 . j ω + The respective spectral variation of the phase shift imposed by the sample mirror upon reflection can be expressed as
From this, by using ) .
The spacer thickness s d in Eq. (5) (i.e., the distance between mirrors) can be hardly determined with the necessary angstrom precision. Therefore it will be useful to exclude the spacer thickness from further considerations. This can be done in the following way: if two neighboring frequency intervals ∈ are considered, the following relation between averaged GD values can be easily obtained:
This relation is considered as a recurrent formula allowing to obtain averaged values of GD consequently for each interval. Since a constant additive term of GD is irrelevant, it is possible to use Unfortunately the grid j ω is not arbitrary; it is determined by the positions of resonant peaks.
By increasing the thickness of the cavity it is possible to achieve a rather dense distribution of the peaks, but the amplitude of the peaks is decreasing rapidly and the peaks become masked by the noise of the measurement system. Even if peaks of small amplitude can be detected against the noise background, their positions may be highly affected by the noise and the direct application of Eq. (6) leads to unacceptably high errors. When the amplitude of resonance peaks is sufficient for accurate determination of their positions, they are spaced too sparsely for measuring GD and GDD spectral dependencies with nanometers resolution that modern applications demand.
Experimental procedures and numerical data analysis
In order to increase the density of the frequency grid we propose an alternative approach based on measurements with different spacer thicknesses and combined processing of all data sets. A similar idea was used in [32] to obtain a high precision phase reconstruction algorithm for extracting the spectral phase from interferograms taken at an arbitrary number of different shears. Simultaneous processing of data obtained from measurement scans with different spacer thicknesses can improve the spectral resolution (Figs. 2(a) and 2(b), multimedia file Media 1) of the method, since the density of the combined frequency grid will be significantly higher (Fig. 2(c) ). It is possible to express terms   and intervals of every measurement scan. The number of equations in the SLAE is less than the number of unknowns, since spacer thicknesses have been excluded during derivation of Eq. (6), therefore the SLAE is an under-determined one. This is a typical inverse ill-posed problem [33] that requires the so-called regularization theory [33, 34 ] to be applied to find its solution.
The general approach described above has two shortcomings. The first one is related to the potentially high non-uniformity of the combined frequency grid. By accident there might be areas not covered densely enough with resonance peaks or, on the other hand, there might be areas with very high concentration of peaks collected from different measurement scans. This makes the condition number of the matrix A in the problem Eq. (7) higher and the solution of Eq. (7) more difficult. The second problem relates to the need for computing the GDD as a derivative of the GD spectral dependence, which is represented as a set of averaged  k GD values on a combined essentially non-uniform grid . 
,
The usual requirements are that ), ( In order to confirm the accuracy and reliability of the proposed data processing technique we performed numerical experiments, in which we simulated the reflectance of a system consisted of an 80-layers broadband dispersive mirror, air spacer with thickness, which varied from 3 µm to 30 µm and a metal Al mirror with thickness 20 nm. We simulated ten measurement scans corresponding to air spacer thicknesses of 3, 5, 7, 10, 12, 15, 17, 20, 25, 30 µm. Since layer thicknesses of the 80-layer broadband dispersive mirror were known, the theoretical GD and GDD spectral dependencies were also known.
GD ω
In the first numerical experiment we calculated the reflectance of the resonance system at an extra-fine grid with step size 0.002 nm. The resulting GD and GDD are shown with green curves (RSI) in Figs. 3(a) and 3(b) , respectively. The theoretical GD and GDD are shown with red curves in these figures. Only small deviations of GDD can be noticed on the regions with high GDD oscillations, they appear because the regularization technique is assuming smoothness and oscillations with limited amplitude in GD and GDD functions as a priori information.
In the second numerical experiment we calculated the reflectance with wavelength step size 0.37 nm, which corresponds to the resolution of the CCD spectrometer used in our setup. The obtained results are represented in Fig. 3(c) (GD) and Fig. 3(d) (GDD) . In order to refine the positions of detected peaks we used additional parabolic interpolation procedure. Nevertheless, the influence of inaccuracies can be noticed in Fig. 3(c) and Fig. 3(d) in the short wavelength region as artifact oscillations of the corresponding spectral dependencies. Here we should note that in this numerical example we considered a challenging measurement problem when a waveband of interest spanned about one optical octave, and the corresponding spectral dependencies had a complicated shape with high amplitude of oscillations.
The accuracy of the developed approach depends on a large number of various factors including the experimental setup and measurement strategy. Furthermore, we reduced data processing problem to an ill-posed SLAE Eq. (7) that requires a regularization theory in order to be solved [33] . In the theory of ill-posed problems a priori estimation of accuracy in practically significant cases is rarely available. Therefore we suggest using a method of model problems in order to estimate the accuracy. Typically the experimenter knows the theoretical design of DM sample, and therefore it is possible to perform a numerical experiment reproducing the experimental setup and measurements settings using an approach similar to the two numerical experiments described above. If the parameters of numerical experiments are close to the real parameters, it will give a good estimation of the expected accuracy of the obtained GD and GDD values. Such numerical experiments can include most of the factors affecting accuracy in reality: noise in spectrophotometer, finite size of wavelength grid, averaging due to spectrometer slit integration, etc.
Measurements
The measurement setup includes a light source, a spectrometer, and a translation stage (Fig.  1) . We have used a grating spectrometer and different light sources and cameras for different spectral ranges. In our measurements at wavelengths above and below 450 nm we have drawn on a 250-Watt tungsten-halogen and a 75-Watt Xe lamp, respectively. A CCD camera (wavelength grid step of about 0.37 nm) and an InGaAs photodiode array (wavelength grid step of about 0.61 nm) detected the signal below and above 1050 nm, respectively. The mirror holder for the sample was mounted on a linear translation stage (step size: 0.1 µm), allowing us to vary the spacer thickness without affecting the initial alignment of mirrors. Therefore we were able to perform multiple measurements of positions of transmittance maxima or reflectance minima with different spacer thicknesses. We will call a single measurement of peak positions at some fixed spacer thickness a measurement scan. By averaging the data during every measurement scan the signal-to-noise ratio was significantly improved. It was sufficient to use short averaging time in the range 20-120 seconds. All measures were taken to keep the spacer thickness constant during each measurement, therefore Eq. (6) was assumed to be valid for each measurement scan. With typical number of scans about 10 total measurement time is approximately 15-20 minutes. With a typical number of about 10 scans the total measurement time was approximately 15-20 minutes.
The GD/GDD results for Examples 4.1 and 4.4 described below were compared with the results obtained with WLI. In our case WLI was based on the same light sources and CCD camera/InGaAs photodiode array that we used for RSI measurements. This gives us confidence to state that the comparison between RSI and WLI was fair.
Wideband dispersive mirror
As a first example we present the results of measurement data processing for a 98-layer wideband dispersive mirror in the range 600-1050 nm. Since this mirror transmits sufficient amount of light and provides a good signal-to-noise ratio, it is possible to perform measurements in both transmittance and reflectance configurations. Therefore we have performed both studies and obtained results. Figures 4(a)-4(b) present the GD and GDD evaluated from transmittance measurements (green curves). The measurements were performed with exposure time of 150 ms, 1000 spectra were used during each scan in order to improve the signal-to-noise ratio. A total number of 13 measurement scans with different spacer thicknesses were processed to obtain the GD and GDD spectral dependencies. They are compared with the results of WLI measurements (red curves) and with theoretical predictions (blue curves). It should be noted that deviations of measured GD and GDD from the theoretical ones were expected, since experimental GD and GDD were affected by unavoidable layer thickness errors and other perturbing factors in the manufactured mirrors. The spectral GD and GDD dependencies obtained by the RSI technique show much higher resolution and accuracy in comparison to WLI data. Additional verification of these results is provided in Fig. 4(c) and Fig. 4(d) , where we compare GD and GDD obtained by using transmittance (green curves) and reflectance (red curves) measurements. Reflectance measurements were performed with exposure time of 25 ms, 500 spectra were averaged for every scan, in total 11 scans were processed. The results from completely different measurement sets, using different experimental layouts demonstrate a remarkable consistency.
Ultra-broadband (octave-spanning) dispersive mirror
The next example demonstrates simultaneous processing and analysis of measurement scans performed in different wavelength regions. In this case we consider an ultra-broadband 96-layer dispersive mirror with working range of 650-1350nm. Access to the entire spectral range of interest was not possible with a single measurement setup; therefore we split the wavelength band into two overlapping parts: 650-1060 nm and 850-1350 nm (covered by the CCD camera and the InGaAs photodiode array, respectively). We used exposure time of 50 ms and averaged 1000 spectra during each scans; in total we performed 22 scans with different spacer thicknesses (11 scans for each band). In Fig. 5(a) and Fig. 5(b) we present two measurement sets for ranges 650-1060 nm and 850-1350 nm, respectively. The pronounced variation of the peak values of reflectance with wavelength is mainly due to a variation of the spectral response of our measurement system, which is operated here near the edge of the working range of our spectrometer. We performed simultaneous processing of all measurement scans in both wavelength regions, yielding the GD and GDD spectral dependencies shown in Fig. 5(c) and Fig. 5(d) . These results demonstrate good correspondence with the respective theoretical predictions.
Ultraviolet dispersive mirror
Measurements and data processing were more complicated in the short wavelength region in comparison to visible and infrared regions, because the relative accuracy of determination of peak positions in the ultraviolet domain was lower with respect to longer wavelength regions. This is caused by higher ratio of the wavelength step between spectrometer pixels to the average wavelength. Such inaccuracies typically lead to artificial oscillations in GD and especially in GDD spectral dependencies as it was demonstrated in the numerical simulation example (Fig. 3(c) and Fig. 3(d) ). In spite of these difficulties, we have succeeded in performing measurements with reasonable accuracy also in the ultraviolet spectral range. Specifically, we characterized a 36-layer ultraviolet dispersive mirror working at angle of incidence of 45° and within the spectral range of 370-420 nm. In this case we employed the 75 Watt xenon lamp along with the CCD spectrometer; additionally a polarizer had to be used because of the large angle of incidence. We used 50 ms exposure time and averaged 1000 spectra for each measurement scan, a total number of 11 scans with different spacer thicknesses were processed. In Fig. 6 some shift of spectral characteristics to longer wavelengths can be noticed. Yet again, it can be attributed to manufacturing errors caused by a slight over-deposition of the mirror layers; the experimental results show excellent qualitative and quantitative agreement with theory (Fig. 6 ).
High-dispersion mirror
For mirrors exhibiting very high (near 100%) reflectance, measurements of GD and GDD are only possible in the reflection mode ( Fig. 1(b) ). We consider a high-dispersive mirror [9, 27] with working range 1015-1030 nm, a nominal GDD of about −3000 fs 2 , and a reflectance higher than 99.95% in this range. The latter makes the transmitted signal indistinguishable from noise. We characterized this DM in the range of 940-1100 nm in the reflection mode. In this case 300 spectra were averaged for each scan with exposure time of 300 ms, we processed 9 scans with different spacer thicknesses. Our results are shown in Figs. 7(a) and 7(b) . The values of GD and GDD evaluated by using the RSI technique are compared with results of WLI measurements as well as with theoretical predictions. The resonant features positioned at about 960 and 1080 nm have been well reconstructed in the measured data (see Figs. 7(a) and 7(b)), while the WLI measurements have clearly failed to detect them. A slight shift of the measured curve to shorter wavelengths should be attributed to slight underdeposition of DM layers during the production process.
In order to gain more detailed insight into the working range of this DM, we performed an additional data processing of the same data constrained within the range 1000-1050 nm. The obtained results are presented in Figs. 7(c) and 7(d) for GD and GDD, respectively. One can notice the same shift of GD and GDD characteristics to shorter wavelengths. It is obvious that the new method has much higher spectral and GD/GDD resolutions compared to WLI. The oscillations in calculated GDD spectral dependence (Fig. 7(d) ) should be attributed to unavoidable errors in DM layer thicknesses introduced during DM production. 
Conclusions
We have proposed and demonstrated a Resonance Scanning Interferometer (RSI) technique for high-resolution and high-fidelity measurement of GD and GDD of multilayer optics. RSI draws on the basic interferometric concept originally proposed in [30] implemented simultaneously with a number of different separations of the mirrors forming the interferometer. The method can be carried out by processing and analyzing either transmitted or reflected signals from the interferometer and does not rely on an accurate measurement of the mirror separation. GD and GDD are evaluated from the measured data by using a versatile and powerful algorithm based on solving an inverse ill-posed problem. The demonstrated technique is expected to become instrumental in the development of advanced dispersive multilayer optics.
